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a b s t r a c t
Log-aesthetic spirals are currently being studied as fair curves that can be used in computer
aided design. A family of planar log-aesthetic spirals that include a point of zero curvature is
used in this paper. The two-point G1 Hermite data that is considered has some restrictions
on the angles. This paper proves that for any member of the family, a unique segment of
that spiral can be found that matches given two-point G1 Hermite data.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
Log-aesthetic spirals are currently being studied as fair curves that can be used in computer aided design [1–8]. The
family of log-aesthetic spirals in [6] satisfy the differential equation
ds
dρ
= ρ
α−1
Λ
, (1.1)
where s is the arc length, ρ is the radius of curvature, α is the family parameter, and Λ is a scaling constant. In this paper,
log-aesthetic spirals are restricted to thosewith parameterα !‘ 0; these are the log-aesthetic spirals that have zero curvature
at a finite place. Here the parameter µ = 11−α , 0 < µ < 1, is used and spirals of increasing curvature (the reverse of [6])
are considered.
Two-point G1 Hermite data consist of two points and the angles of the tangents at those two points. The angles are
restricted to being less than 2π , and in some cases there are further restrictions. An example is given in the next section to
show why larger angles are not considered.
The main result of this paper is that for any log-aesthetic spiral, 0 < µ < 1, a unique segment of that spiral can be found
that matches given G1 Hermite data (with angle restrictions).
A recently published result [9] shows there is a unique segment of a clothoid (µ = 0.5) that matches given two-point G1
Hermite data, with the angles less than π in magnitude. Examples are given therein to show how this kind of result is used
in curve design. This paper generalizes that result to a family of spirals and increases the ranges on the angles.
Another recently published result [10] gives a one-parameter family of spirals that matches given two-point G1 Hermite
data. The spirals in that paper are given by explicit rational (quartic over a quadratic) formulas, whereas the log-aesthetic
spiral used here includes transcendental curves such as the clothoid and the curves are given by a differential equation rather
than being given explicitly. The spirals in [10] are always C-shaped and cannot include an end point where the curvature is
zero, whereas the log-aesthetic spiral can be C-shaped or S-shaped and can include a point of zero curvature.
∗ Corresponding author. Tel.: +1 204 474 8681; fax: +1 204 474 7609.
E-mail addresses: Dereck_Meek@UManitoba.Ca (D.S. Meek), txsaito@cc.tuat.ac.jp (T. Saito), walton@cs.umanitoba.ca (D.J. Walton), norimasa@acm.org
(N. Yoshida).
0377-0427/$ – see front matter© 2012 Elsevier B.V. All rights reserved.
doi:10.1016/j.cam.2012.04.021
4486 D.S. Meek et al. / Journal of Computational and Applied Mathematics 236 (2012) 4485–4493
Fig. 1. Log-aesthetic spirals: µ = 0.08, 0.5 (clothoid), 0.7, 0.8, 0.85 (left to right).
2. Background
2.1. The log-aesthetic spiral
Changing (1.1) to use reversed curvature, the differential equation for the log-aesthetic family of spirals becomes
ds
dk
= E k−2+ 1µ , 0 < µ < 1, (2.1)
where the curvature k is non-negative and increasing and s is arc length. Eq. (2.1) can be solved with the initial condition
k = 0 when s = 0:
s = F k−1+ 1µ , F = E µ
1− µ. (2.2)
The traditional intrinsic equation of the spiral is now
k = H s µ1−µ , H = F− µ1−µ , or k = sgn(s)H |s| µ1−µ . (2.3)
If µ is near 0 the curvature is nearly constant and the spiral is nearly circular; if µ = 0.5, the curvature is linearly related to
the arc length and the spiral is a clothoid; ifµ is near 1, the spiral is nearly a straight line segment, with curvature near 0 for
0 < s < 1, and very large curvature when s > 1.
When the goal is G1 Hermite interpolation, it is convenient to use the angle of tangent rather than the arc length as
the spiral parameter. The angle of tangent parameter has the disadvantage that straight line segments are not represented
easily. Let θ (s) be the angle that the tangent makes with the x-axis. The differential equation and solution with θ(0) = 0 are
dθ = k ds, dθ = H s µ1−µ ds, θ = (1− µ)H s 11−µ . (2.4)
From (2.3) and (2.4),
k(θ) = θ
µ
L
, L = (1− µ)
µ
H1−µ
. (2.5)
In the next section, it is seen that the scaling factor L can be ignored in G1 Hermite fitting. Omitting that scaling factor, the
equation of the spiral in terms of angle of tangent parameter is (see Fig. 1)
P(θ, µ) =
 θ
0
t−µ

cos t
sin t

dt, 0 < µ < 1, θ ≥ 0. (2.6)
The spiral P(θ, µ) in (2.6) is C-shaped, and will be called a C-spiral. If the spiral (2.6) is extended by reflecting through
the origin O, an S-shaped spiral is created: an S-spiral. Herein an S-spiral is expressed as a pair of C-spirals.
2.2. Two-point G1 Hermite data
Planar two-point G1 Hermite data consist of two points A, B, and two unit tangent vectors TA, TB, all in a plane. Let the
angle from TA to B–A be α, and the angle from B–A to TB be β . If a curve segment can be found that matches the angles α and
β , that segment can be scaled and rotated to subsequently match the two-point G1 Hermite data. For the rest of this paper,
the two-point G1 Hermite interpolation is deemed to be accomplished when the angles α and β are matched. Without loss
of generality, assume that the angle of larger magnitude is labelled β and reflect the data across the X-axis if necessary so
that β is positive (anticlockwise). The angles now satisfy 0 ≤ |α| < β . If α ≥ 0, assume that the total angle of rotation of
the tangent α + β is less than 2π , or 0 < α < β < 2π − α. If α < 0, assume−β < α < 0 < β ≤ 2π .
An example of a non-unique C-spiral segment matching G1 Hermite data follows. The approximate value θ = 0.47351
was found numerically such that segments P(θ, 0.5) to P(θ + 2.5π, 0.5) and P(θ + 2π, 0.5) to P(θ + 4.5π, 0.5) both have
angles α = 0.91102, β = 2.5π − α. Since a problem with a unique solution is desirable, these larger angles are avoided
(see Fig. 2).
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Fig. 2. Two C-spiral segments matching the same G1 Hermite data.
Fig. 3. C-spiral matching two-point G1 Hermite data.
2.3. Other cases
The scalar cross-product is used to give a compact expression for some formulas:
V×W = VxWy − VyWx.
An integral like γ
0
d(t) sin tdt, (2.7)
where d(t) is positive decreasing and γ > 0, is positive. Think of integrating separately from 0 to π, π to 2π, 2π to 3π ,
and so on. The resulting integrals are values that are decreasing in magnitude and alternating in sign. The largest value
that (2.7) can attain occurs at γ = π . The reasoning for the above comes from the theory of alternating series; see for
example [11, p. 225].
3. The condition that a spiral segment matches given G1 Hermite data
3.1. The C-spiral
Assuming that µ is chosen, matching G1 Hermite data with a C-spiral means finding a parameter value θ such that the
angle from the tangent at θ to the chord P(θ, µ)P(α + β + θ, µ) is α (see Fig. 3).
For θ ≥ 0, let
f (θ, α, β) = (α + θ)µ+1

cos(α + θ)
sin(α + θ)

× [P(α + β + θ, µ)− P(θ, µ)]
= (α + θ)µ+1
 β
−α
sin t
(α + θ + t)µ dt. (3.1)
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Fig. 4. sin t and π < β < 2π − α.
If θ is such that f (θ, α, β) = 0, the spiral segment from P(θ, µ) to P(α + β + θ, µ) can be made to satisfy the given G1
Hermite data. The factor (α + θ)µ+1 was chosen because it makes the partial fθ (θ, α, β) easier to analyze.
From (3.1), the partial fθ (θ, α, β) is
fθ (θ, α, β) = (α + θ)µ
 β
−α
m(t) sin t dt, (3.2)
where
m(t) = α + θ + (µ+ 1) t
(α + θ + t)µ+1 . (3.3)
Lemma 3.1. fθ (θ, α, β) > 0 for θ > 0 where 0 < α < β < 2π − α.
Proof. The derivative ofm(t) in (3.3) is
m′(t) = − µ(µ+ 1) t
(α + θ + t)µ+2 .
m(t) increases from −∞ at t = −α − θ , reaches a positive maximum at t = 0, and is positive decreasing for t > 0. m(t)
has the property
m(t)−m(−t) > 0 for t in (0, α + θ).
To see this, let b(t) = m(t)−m(−t) and observe that b(0) = 0 and
b′(t) = m′(t)+m′(−t) = µ(µ+ 1) t
(α + θ + t)µ+2 (α + θ − t)µ+2

(α + θ + t)µ+2 − (α + θ − t)µ+2 ,
so b′(t) > 0 for t in (0, α + θ).
The analysis of fθ (θ, α, β) falls into two cases: α < β ≤ π and π < β < 2π − α.
α < β ≤ π
Consider f (θ, α, β) in (3.1) as the sum of the two functions
f1(θ, α) = (α + θ)µ+1
 α
−α
sin t
(α + θ + t)µ dt,
f2(θ, α, β) = (α + θ)µ+1
 β
α
sin t
(α + θ + t)µ dt.
The partial derivatives with respect to θ are
∂
∂θ
f1(θ, α) = (α + θ)µ
 α
0
[m(t)−m(−t)] sin t dt,
∂
∂θ
f2(θ, α, β) = (α + θ)µ
 β
α
m(t) sin t dt,
which are both positive since the integrands are positive. Thus, fθ (θ, α, β) > 0 for α < β ≤ π .
π < β < 2π − α (see Fig. 4)
Consider f (θ, α, β) in (3.1) as the sum of the three functions
f1(θ, α) = (α + θ)µ+1
 α
−α
sin t
(α + θ + t)µ dt,
f2(θ, α, β) = (α + θ)µ+1
 2π−β
α
sin t
(α + θ + t)µ dt,
f3(θ, α, β) = (α + θ)µ+1
 β
2π−β
sin t
(α + θ + t)µ dt.
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Fig. 5. S-spiral matching two-point G1 Hermite data, α > 0.
The partials of f1 and f2 are positive by arguments similar to those in the previous case. The partial derivative of f3(θ, α, β)
with respect to θ is
∂
∂θ
f3(θ, α, β) = (α + θ)µ
 β
2π−β
m(t) sin t dt,
which is positive because m(t) is a positive decreasing function over an interval where sin t is skew symmetric about the
interval’s midpoint π . Thus, fθ (θ, α, β) > 0 for π < β < 2π − α.
The two cases together give the result. 
Corollary 3.1. f (θ, α, β) can have at most one positive zero θ when 0 < α < β < 2π − α.
3.2. The S-spiral
For θ ≥ 0, let
g(θ, α, β) =

cos(α + θ)
sin(α + θ)

× [P(α + β + θ, µ)− (−P(θ, µ))]
=

cos(α + θ)
sin(α + θ)

× [P(α + β + θ, µ)+ P(θ, µ)] (3.4a)
=

cos(α + θ)
sin(α + θ)

× {P(α + β + θ, µ)− P(α + θ, µ)− [P(α + θ, µ)− P(θ, µ)]+ 2P(α + θ, µ)}
=
 β
0
sin t
(α + θ + t)µ dt +
 α
0
sin t
(α + θ − t)µ dt − 2
 α+θ
0
sin t
(α + θ − t)µ dt. (3.4b)
If θ > 0 is such that g(θ, α, β) = 0, the spiral segment made of the two pieces−P(θ, µ) to O and O to P(α+ β + θ, µ) can
be made to satisfy the given G1 Hermite data (see Figs. 5 and 6).
Differentiating (3.4a) with respect to θ , we obtain
gθ (θ, α, β) =
− sin(α + θ)
cos(α + θ)

× [P(α + β + θ, µ)+ P(θ, µ)]+ sinβ
(α + β + θ)µ −
sinα
θµ
=
− sin(α + θ)
cos(α + θ)

× {P(α + β + θ, µ)− P(α + θ, µ)− [P(α + θ, µ)− P(θ, µ)]+ 2P(α + θ, µ)}
+ sinβ
(α + β + θ)µ −
sinα
θµ
= −
 β
0
cos t
(α + θ + t)µ dt +
 α
0
cos t
(α + θ − t)µ dt − 2
 α+θ
0
cos t
(α + θ − t)µ dt
+ sinβ
(α + β + θ)µ −
sinα
θµ
.
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Fig. 6. S-spiral matching two-point G1 Hermite data, α < 0.
Applying integration by parts to the first two integrals, we obtain
gθ (θ, α, β) = −µ
 β
0
sin t
(α + θ + t)µ+1 dt − µ
 α
0
sin t
(α + θ − t)µ+1 dt − 2
 α+θ
0
cos t
(α + θ − t)µ dt. (3.5)
Lemma 3.2. gθ (θ, α, β) has at most one zero θ in (−α < θ < π − α), for −∞ < α < π, 0 < β <∞.
Proof. Considering (3.5), the integrand of the first term is a decreasing multiple of sin t , so the integral is positive and the
term is negative for any β > 0. Examination of the cases 0 < α < π and α < 0 reveals that the second term is negative.
The third term is negative for θ in
−α, π2 − α.
Integrate the third integral in (3.5) by parts:
−2
 α+θ
0
cos t
(α + θ − t)µ dt = −
2
1− µ(α + θ)
1−µ + 2
1− µ
 α+θ
0
(α + θ − t)1−µ sin t dt.
Differentiating (3.5) with respect to θ (using the above result) gives
gθθ (θ, α, β) = µ(µ+ 1)
 β
0
sin t
(α + θ + t)µ+2 dt +
 α
0
sin t
(α + θ − t)µ+2 dt

− 2
(α + θ)µ + 2
 α+θ
0
sin t
(α + θ − t)µ dt. (3.6)
When θ is in

π
2 − α, π − α

, the third integral in (3.6) is
2
 α+θ
0
sin t
(α + θ − t)µ dt >
2
(α + θ)µ
 α+θ
0
sin t dt = 2 1− cos(α + θ)
(α + θ)µ >
2
(α + θ)µ ,
so the second partial is positive in that interval. To summarize, the first partial (3.5) is negative for θ in
−α, π2 − α and
increasing for θ in

π
2 − α, π − α

. So the first partial can have at most one zero for θ in (−α, π − α). 
Corollary 3.2. g(θ, α, β) has at most two zeros θ in (−α < θ < π − α), for −∞ < α < π, 0 < β <∞.
A definition related to the above is
h(α, β) =

cosα
sinα

× P(α + β,µ) =
 β
−α
sin t
(α + t)µ dt. (3.7)
Note that
f (0, α, β) = αµ+1h(α, β), g(0, α, β) = h(α, β). (3.8)
If α is fixed and β varies, the maximum value of h(α, β) occurs when β = π .
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Fig. 7. The angles α and β determine the type of spiral (µ = 0.5).
4. A unique spiral segment
The analysis breaks into several cases. If α > 0 and h(α, β) = 0, the C-spiral from O to P(α + β,µ) can be made to
match the given G1 Hermite data. If α > 0 and h(α, β) < 0, a unique, interpolating C-spiral exists by Theorem 4.1. If α > 0
and h(α, β) > 0, a unique, interpolating S-spiral exists by Theorem 4.2. If α ≤ 0, a unique, interpolating S-spiral exists by
Theorem 4.3 (see Fig. 7).
Theorem 4.1. If the given µ, α, β are such that 0 < α < β < 2π − α and h(α, β) < 0, then f (θ, α, β) has a unique positive
zero θ .
Proof. Eq. (3.8) and the theorem hypothesis give f (0, α, β) = αµ+1 h(α, β) < 0.
lim
θ→∞
f (θ, α, β)
α + θ = limθ→∞
 β
−α

1+ t
α + θ
−µ
sin t dt =
 β
−α
sin t dt
= (cosα − cosβ) = 2 sin α + β
2
sin
β − α
2
.
For 0 < α < β < 2π − α, f (θ, α, β) tends to a positive number as θ grows without bound. The fact that the function
f (θ, α, β) changes sign as θ varies from 0 to infinity combinedwith Corollary 3.1means that f (θ, α, β) has a unique positive
zero θ . 
The above theorem shows there is a unique C-spiral that can be made to match the given two-point G1 Hermite data.
The spiral segment is P(θ, µ) to P(α + β + θ, µ) where θ is the zero of f (θ, α, β). First determine a value θM big enough
that f (θM , α, β) > 0. The desired zero θ is in (0, θM) and can be found using a bisection process.
Theorem 4.2. For given µ, α, β, 0 < α < β < 2π and h(α, β) > 0, there is a unique θ > 0 that satisfies g(θ, α, β) = 0.
Proof. Define θπ as the value in (0, π − α) that makes g(θ, α, π) = 0. Using (3.8), the fact that h(α, β) ≤ h(α, π) for all
positive β , and the hypothesis h(α, β) > 0, g(0, α, π) = h(α, π) > 0, we obtain
g (π − α, α, π) =
 π
0
sin t
(π + t)µ dt +
 α
0
sin t
(π − t)µ dt − 2
 π
0
sin t
(π − t)µ dt.
The negative integral dominates the positive integrals, so g(π −α, α, π) < 0. The fact that the function g(θ, α, π) changes
sign for θ in (0, π − α) combined with Corollary 3.2 shows that θπ exists and is unique. θπ satisfies π
0
sin t
(α + θπ + t)µ dt +
 α
0
sin t
(α + θπ − t)µ dt − 2
 α+θπ
0
sin t
(α + θπ − t)µ dt = 0. (4.1)
There are three cases: β = π, α < β < π , and π < β < 2π .
β = π
If β = π , the above θπ is the unique zero θ of g(θ, α, β) in (0, π − α).
α < β < π or π < β < 2π
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From (3.8), g(0, α, β) = h(α, β) > 0. From (3.4b) and using (4.1), we obtain
g(θπ , α, β) =
 β
0
sin t
(α + θπ + t)µ dt +
 α
0
sin t
(α + θπ − t)µ dt − 2
 α+θπ
0
sin t
(α + θπ − t)µ dt
= −
 π
β
sin t
(α + θπ + t)µ dt < 0, (4.2)
or
=
 β
π
sin t
(α + θπ + t)µ dt < 0. (4.3)
(4.2) is appropriate if α < β < π and (4.3) is appropriate if π < β < 2π . The fact that the function g(θ, α, β) changes sign
in (0, θπ ) combined with Corollary 3.2 shows that g(θ, α, β) has a unique zero θ in (0, θπ ). 
The above theorem shows there is a unique S-spiral that can be made to match the given two-point G1 Hermite data
when 0 < α < β < 2π and h(α, β) > 0. Note that the theorem allows a larger β than is used in the earlier description of
the G1 Hermite data. With given α and β , the required values of θ are in known intervals, so a bisection process can be used
to find them.
Theorem 4.3. If the given α, β are such that −β < α < 0 < β ≤ 2π , then g(θ, α, β) has a unique positive zero θ .
Proof. There are four cases: β = π, 0 < β < π, β = 2π , and π < β < 2π .
β = π
Define θπ as the value in (−α, π − α) that makes g(θ, α, π) = 0. From (3.4b),
g(−α, α, π) =
 π
0
sin t
tµ
dt +
 −α
0
sin t
tµ
dt > 0,
g (π − α, α, π) =
 π
0
sin t
(π + t)µ dt +
 −α
0
sin t
(π + t)µ dt − 2
 π
0
sin t
(π − t)µ dt < 0.
In the above, the negative integral dominates the positive integrals. The fact that g(θ, α, π) changes sign for θ in (−α, π−α)
combined with Corollary 3.2 shows that there is a unique θπ in (−α, π − α) that makes g(θπ , α, π) = 0. θπ satisfies π
0
sin t
(α + θπ + t)µ dt +
 −α
0
sin t
(α + θπ + t)µ dt − 2
 α+θπ
0
sin t
(α + θπ − t)µ dt = 0. (4.4)
0 < β < π
From (3.4b),
g(−α, α, β) =
 β
0
sin t
tµ
dt +
 −α
0
sin t
tµ
dt > 0.
From (3.4b) and using (4.4), we obtain
g(θπ , α, β) =
 β
0
sin t
(α + θπ + t)µ dt +
 −α
0
sin t
(α + θπ + t)µ dt − 2
 α+θπ
0
sin t
(α + θπ − t)µ dt
= −
 π
β
sin t
(α + θπ + t)µ dt < 0.
The fact that g(θ, α, β) changes sign for θ in (−α, θπ ) combined with Corollary 3.2 shows that g(θ, α, β) = 0 has a unique
zero θ in (−α, θπ )when 0 < β < π .
β = 2π
Define θ2π as the value in (−α, θπ ) that makes g(θ, α, 2π) = 0. Using (3.4b), we obtain
g(−α, α, 2π) =
 2π
0
sin t
tµ
dt +
 −α
0
sin t
tµ
dt > 0.
Using (3.4b) and (4.4), we obtain
g (θπ , α, 2π) =
 2π
π
sin t
(α + θπ + t)µ dt < 0.
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The fact that the function g(θ, α, 2π) changes sign in (−α, θπ ) combined with the corollary to Lemma 3.2 shows there is a
unique θ2π in (−α, θπ ) such that g (θ2π , α, 2π) = 0. θ2π satisfies 2π
0
sin t
(α + θ2π + t)µ dt +
 −α
0
sin t
(α + θ2π + t)µ dt − 2
 α+θ2π
0
sin t
(α + θ2π − t)µ dt = 0. (4.5)
π < β < 2π
From (3.4b) and using (4.5), we obtain
g(θ2π , α, β) = −
 2π
β
sin t
(α + θπ + t)µ dt > 0.
From (3.4b) and using (4.4), we obtain
g(θπ , α, β) =
 β
π
sin t
(α + θπ + t)µ dt < 0.
The fact that the function g(θ, α, β) changes sign in (θ2π , θπ ) combined with Corollary 3.2 shows that g(θ, α, β) = 0 has a
unique zero θ in (θ2π , θπ )when π < β < 2π . 
The above theorem shows there is a unique S-spiral that can be made to match the given two-point G1 Hermite data
when−β < α < 0 < β ≤ 2π . Note that the theorem can be extended to smaller α and larger β . With given α and β , the
required values of θ are in known intervals, so a bisection process can be used to find them.
5. Conclusions
It has been shown that when working with any member of the log-aesthetic spiral defined above, and any µ, a unique
C-spiral segment or a unique S-spiral segment can be found that matches given G1 Hermite data, where the angles of the
data have a fairly wide range.
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